This paper is concerned with proposing a suitable structurally-motivated strain energy function, denoted by However, the general exponential function may not be amenable to rigorous interpretation, as there is no structural meaning attached to the model. It is also shown that the parameters estimated by the Arruda-Boyce model are not mathematically and structurally valid, despite providing very good fits. We thus conclude that our proposed strain energy function network elastin e W is the preferred choice for modelling the behaviour of the AV elastin network and thereby the 'isotropic matrix'. This function may therefore be superimposed onto that of the anisotropic collagen fibres family in order to develop a structurally-motivated continuum-based model for the AV.
Introduction
Within the framework of continuum mechanics, models developed for application to collagenous soft tissues incorporate strain energy functions that account for the contribution of the family of collagen fibres, as well as the 'isotropic matrix'. The presence of the collagen fibre family (families) dispersed within the 'isotropic matrix' endows the tissues with a strong anisotropy and non-linearity in their biomechanical behaviour. In continuum-based models, this contribution is considered by incorporation of specialised strain energy functions that are associated with invariants 4 I and 6 I , often either through 'Holzapfel-type' functions (e.g. see [1] and [2] amongst others), their counterparts which accommodate fibre dispersion (e.g. [3] [4] [5] [6] ),
or Fung-type models (e.g. [7, 8] ), to name but a few. The representation of the contribution of the 'isotropic matrix', however, has remained rather elusive and considerably less specialised, often accounted for by a general neo-Hookean or an exponential term, as a function of the invariant 1 I . Such generic phenomenological descriptions and mathematical representations, while may provide a good fit to the experimental data, do not shed much light on the specific mechanics of the contribution of the matrix (micro)structure to the observed tissue-level behaviour, and may therefore be less amenable to rigorous interpretation and analysis. Ideally, similar to the anisotropic part, specialised mathematical functions that are based on the physical/structural characteristics of the matrix are sought for incorporation into continuum-based models.
In the case of the aortic valve (AV) tissue, which is the subject of this paper, the non-collagenous matrix is mainly comprised of glycosaminoglycans (GAGs) and the elastin network. GAGs are not considered to contribute to the load-bearing capacity of the AV tissue, and are instead better known for their viscous-like rate-dependent
properties. The interested reader may wish to refer to our recent study for a new continuum-based viscoelastic model [2] or our preceding studies for rheological modelling [9, 10] of the rate-dependent anisotropic behaviour of the AV. Therefore, and by excluding the contribution of the GAGs, deformation of the 'isotropic matrix' 4 in the AV shall mainly be characterised by the deformation of the elastin network.
The pioneering work of Vesely (1998) established that the mechanical behaviour of the AV elastin network may be isotropic, by carrying out tensile deformation tests on intact network samples, further corroborating the notion that the mechanical behaviour of the 'isotropic matrix' within the AV tissue mainly stems from the isotropic elastin network [11] . As such, the mathematical terms representing the 'isotropic matrix' in continuum-based models developed to date for application to the AV are inadvertently associated with the behaviour of the elastin network. Those mathematical terms have almost exclusively been chosen to be represented by generic functions such as either a neo-Hookean term (e.g. [3] ) or an exponential term (e.g. [2, [12] [13] [14] ). A specialised function that is based on the biomechanical and structural characteristics of the AV elastin network has somehow been overlooked within the framework of continuum mechanics modelling of the AV tissue and is currently lacking in the literature.
The purpose of this paper is therefore to propose a customised energy function for the deformation of the AV elastin network that, while provides a good fit to the experimental data, is also structurally motivated. Following the well-established approach presented by Holzapfel et al. (2000) [1], we choose the following notations for terminologies pertaining to the elastic energy functions. [15] [16] [17] , adopting a similar framework utilised by Arruda and Boyce (1993) [18] . We then derive the ensuing stress-stretch and force-stretch relationships and fit these equations to the experimental data points collated from the study by Vesely (1998) , which reports the force-stretch curves of intact AV elastin network specimens under uniaxial tension [11] . We follow the same procedure with the neoHookean and the general exponential energy functions as the commonly proposed functions in the literature for modelling the AV 'isotropic matrix', as well as the Arruda-Boyce model as the gold standard of the freely jointed chain network models.
We show that our proposed network elastin e W function provides an excellent fit to the experimental data, alongside the general exponential and the Arruda-Boyce models, while the neo-Hookean function fails to adequately capture the deformation behaviour of the AV elastin network. However, we discuss that the exponential function is purely a phenomenological description, with no structural meaning attached to the model and its parameters. We further present the fitting results of the Arruda-Boyce model and demonstrate that despite providing one of the best fits, the parameters estimated by the Arruda-Boyce model are not mathematically and structurally valid for the AV elastin network. It is subsequently concluded that our presented network elastin e W function is the preferred choice, being structurally-based, mathematically valid and providing a good fit to the data. We therefore propose this function for incorporation into the continuum-based models applied to the AV, to represent the contribution of the 'isotropic matrix' part of the overall isochoric strainenergy function of the whole tissue. 
energy functions
In this section we present the neo-Hookean, the general exponential and the ArrudaBoyce models, as the currently established and utilised models in the literature, and propose our own model based on a customisation of the classical energy function of the freely jointed chain networks utilised by Arruda and Boyce (1993) in their seminal paper [18] . In the following, however, for the sake of completeness and for the interested reader, we first give a brief theoretical overview of the framework, adapted for the elastin network.
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Concisely, the classical elasticity framework of the freely jointed chains centres on the principles of the theory of statistical mechanics originally developed for rubber elasticity. The theory applies to flexible molecular chain network structures that are formed by occasional cross-links between the chains [15, 18, 19] . In their undeformed state, chains can have many arbitrary configurations of nearly equal entropy, typically represented by statistical distributions. Perturbing the chains away from their equilibrium conformations generates entropic forces that oppose these deformations, which forms the basis of their mechanical behaviour and stress-strain response [16, 19] .
It is postulated that the elastin network in soft tissues, in general, resembles a close functional and structural analogy to these networks [15] [16] [17] .
Elastin in the AV is known to be present in the form of a (3D) network with interfibre connections to collagen fibres [11, 20, 21] . A schematic of the network structure for a representative volume element (RVE) of the AV matrix is shown in Figure 1 . In the context of microstructural modelling of soft tissues, an RVE is an assumed volume of the continuum that is large enough to represent the typical characteristics of the microstructure, while still small compared to the characteristic length scale of the microstructure, i.e. the tissue thickness [22] . Without the loss of generality, and for simplicity in the analysis, the RVE is chosen to be a cube element such that the elastin chains form its spatial diagonals (Figure 1b ).
Following Kuhl et al. (2005) [16] and Zhang et al. (2005) [17] , we use the chain networks analogy to apply the principles of statistical mechanics of freely jointed molecular chains to the AV elastin network in this RVE. According to the chain network theory, the free energy of a network of n chains per unit volume is equal to the sum of the elastic free energy of the individual chains [25, 26] . Thus, for an assumed RVE, the entire network may be replaced by a system of a single chain in the local Cartesian coordinate system that accounts for the total sum of the elastic energy of the individual chains [19] . Accordingly, for the RVE in Figure 1b 
Since the chain can assume any arbitrary configuration between the two end points A and B, a probability density function may be used to characterise the possible configurations. Let us introduce the probability density function ) ( c p  , which describes the probability that a chain of contour length L takes a configuration characterised by the end to end distance r . A statistical treatment for the ) ( The entropy of a chain whose configuration is described by the probability function in equation (3) , where T is the absolute temperature (e.g. see [27] ).
Combining these two relationships:
Inserting equation (3) into (4) gives the free energy function of a single chain as:
where 0  is a constant so that the free energy of the chain  would be zero in the undeformed configuration.
We now recall that our system of a single chain in the considered RVE (Figure 1c) was such that it would account for the total sum of the elastic energy of the individual chains. Assuming that the network was originally comprised of n chains of equal Kuhn segment length l per unit volume and all the chains stretch uniformly, the free energy of the network may then be (e.g. see [28] ):
However, to be able to define the macroscopic deformation energy of the network, i.e. the deformation of the network due to application of a load at tissue (macro) level, the key aspect is to link the deformation of the chain to the macroscopic deformation of the tissue continuum. In a broad classification, the macro-to-micro transition of the deformation assumes either an affine or a non-affine transformation [29] . The affine transformation assumes that the deformation of the chain can be computed from the tensorial transformation of the global strain tensor [22] . The non-affine deformation assumes an indirect transformation of stretch and in general may take a relationship of the form
, where  is the macro-level principal stretch and f is a stretch field that acts on the affine stretch in a multiplicative format [29] . The assumption of affine deformation of the chains may be an idealization [18, 30] and in a previous study we showed that the strain transformation from tissue level to the micro-structure in AV specimens under tensile deformation may not be affine, especially at larger strains [31] . However, there is no conclusive overall consensus on this point in the literature. For example, a recent study has shown that the fibre kinematics in the Mitral valve leaflets may be affine [32] , while another study has questioned the assumption of affine kinematics in planar fibrous connective tissues in general [33] .
We shall therefore proceed under the assumption of an affine relationship between the macro (tissue level) stretch  and the chain stretch c  , as is customary in the bulk 9 of the existing literature. For an example of an analysis surrounding a non-affine transformation, the interested reader is referred to [29] .
For the considered single chain in the undeformed network shown in Figure 1c , the unstrained end to end distance of the chain, 0 r , is 
Substituting the above equation into equation (2):
where 1 I is the first principal invariant of the right Cauchy-Green deformation tensor and is given by . Equation (8) represents the relationship between the macro and micro stretches for our network system. With equations (6) and (8) 
and by inserting equations (5) and (6) into (9): 
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We now present our customisation of the energy function presented in equation (10) .
An interesting property of equation (10) is (see Appendix A):
which may alternatively be re-written as:
For reasons that we will discuss in section 6, we use a Padè approximation for the inverse Langevin function in equation (13) as [34] :
Substituting the above equation into (13), we propose the following strain energy function for the AV elastin network:
where the constant 0 w may be viewed as a similar parameter to 0  in equation (10) 
. Substituting this expression into equation (15) (17) where C is a stress-like positive material parameter.
General exponential-type
network elastin e W Sometimes, particularly in the literature pertaining to modelling heart valves, the contribution of the 'isotropic matrix' is alternatively considered via a generic exponential-type function, in the form of (e.g. see [2, [12] [13] [14] 
where  and  are positive stress-like and dimensionless model parameters, respectively.
Deriving the stress-strain relationships
We shall now derive the associated stress-strain (stretch) relationships for the AV elastin network, based on the strain energy functions network elastin e W formulated by equations (11), (16), (17) and (18) . Assuming incompressibility, the second PiolaKirchhoff stress tensor S for the network may be obtained by:
where C is the right Cauchy-Green tensor, and p is the arbitrary Lagrangian multiplier enforcing the constraint of incompressibility. C is related to the deformation gradient
We note that in a pure homogenous deformation, the components of the deformation gradient matrix F have a diagonal form   
The Cauchy stress σ , also known as the true stress, is obtained from S using described by equations (11), (16), (17) and (18) .
However, one underlying assumption in characterising and modelling the biomechanical behaviour of the AV tissue is the consideration that the test specimens are thin sheet 'membranes'. That is, because the thickness of the AV tissue is much smaller than the other two in-plane dimensions of the valve (by two orders of magnitude), the AV is considered as a planar tissue (see for example [2] ). Therefore, appropriate ensuing assumptions shall be applied to equations (B3) to (B6), Appendix B, to further tailor those relationships for AV application. One such assumption is that for a thin membrane, the through-thickness (principal) Cauchy stress can be 13 approximated zero 0 33   , from which an expression for p may be established.
Additionally, due to incompressibility, (24) Equations (21) to (24) represent the expressions that are applicable to modelling the stress-stretch behaviour of the AV elastin network under in-plane deformation.
Application to experimental data
Experimental studies regarding the mechanical behaviour of the isolated elastin network in AV tissue are very rare in the literature, mainly owing to the difficulties associated with isolating the intact elastin network form the rest of the microstructural constituents of the AV [11, 21] . However, in a rare study of its kind by Vesely (1998), the mechanical behaviour of the intact elastin network within the AV tissue has been characterised and reported under uniaxial loading, in the principal circumferential and radial loading directions [11] . These loading directions are defined in Figure 1d in relation to an AV cusp. We will use this data in order to check the suitability, and validate the application, of the considered energy functions in this study for modelling the deformation behaviour of the AV elastin network.
Prior to application to the experimental data, we shall apply further adjustments to equations (20) to (23) , in order to make them applicable to uniaxial tests. Denoting the stretch in the uniaxial loading direction and the transverse direction by 1  and 2  , respectively, we note that . Hence, equations (21) to (24) for uniaxial tensile deformations may take the following forms: (25) Note that 11  and 1  represent the stress and the stretch along the loading direction, either the circumferential or the radial.
The data reported in Vesely (1998) is presented in the form of surface tension (N/m) versus stretch. Surface tension is the axial load per unit width of the specimen over which it is applied [11] . This force, denoted by P henceforth, may be determined from the second Piola-Kirchhoff stress tensor S by [35] :
where h is the initial thickness of the specimen. Given the relationship between the second Piola-Kirchhoff stress S and the Cauchy stress σ , the above equation can be rewritten as:
Substituting for  
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 s from equation (25) into (27), we determine the tension force as: The expressions in equation (28) may now be applied to the experimental surface tension force-stretch data provided in Vesely (1998) [11] . Prior to this application, however, the convexity of our proposed 
Results
The experimental surface tension force versus stretch data of the intact AV elastin network were collated from the graphs reported in Vesely (1998) [11] . The average failure strain and tension were reported to be approximately 135% (corresponding to
) and 2.2 Nm -1 , respectively. We used these values to select the representative curves which accommodated these characteristics, from which the data points were extracted. From the reported 8 specimens loaded radially, 6 curves fulfilled these attributes, while 11 out of the reported 15 specimens loaded in the circumferential direction showed these features. The relationships in equation (28) were then fitted to the collated data points of these specimens, using the Levenberg- However, the reported parameters in this study may be deemed comparable to the values reported in the literature for other soft tissues such as the arteries [17, 36] We now present the fitting results of the other considered functions. The graphs in Figure 4 illustrate how the neo-Hookean model in equation (28)3 fits to the data, for a representative sample in the circumferential and radial directions. As it can readily be observed, the neo-Hookean function fails to provide an acceptable fit. This lack of ability to describe the deformation behaviour of the AV elastin network by the neo-Hookean function was repeatedly seen in all the other samples too, and we therefore refrain to illustrate the other ten curves here.
The graphs in Figure 5 represent the fitting results for the Arruda-Boyce model, as given in equation (28) stretch. This characteristic would be an additional structural feature pertaining to the AV elastin network which will be accounted for by using our proposed model, while it would be lost in an Arruda-Boyce model. As a representative example, using the average calculated values of N listed in Table 1 and   0  3 . As may be observed in Figure 5 , the average maximum stretch of the elastin network 1  in the circumferential direction is Table 1 and Figure 2 ).
The advantages of the application of our model come of course at a cost: potentially due to the preservation of the original inverse Langevin function's asymptotic characteristic in our model, the convergence in the fittings may be less easily achievable. However, this risk can be mitigated by employing simple numerical approaches that can estimate a reasonably narrow range within which the global minima may exist, and use those ranges as the guide for initiation of the fitting process in MATLAB ® using the curve-fitting toolbox. This approach was used in this study and other robust and more optimal approaches may also be devised and applied.
Therefore, on balance, our proposed model appears to provide a good fit to the data, the modelling results are mathematically and structurally valid, and the fitting prerequisites are relatively straight forward.
We note that the general exponential model also provided a good fit to the experimental data ( Figure 6 ). However, the exponential model is essentially a phenomenological model and the parameters  and  do not have any structural meaning attached to them. Therefore, if one's goal is to model the deformation behaviour of the whole tissue based on its structural characteristics, the application of such phenomenological models will not be useful. The other phenomenological model considered in this study, i.e. the neo-Hookean model, is not suitable for fitting to the AV elastin network deformation data either, as indicated by the results (Figure 4 ). We therefore do not recommend the application of either of these two strain energy functions to structurally-motivated continuum-based modelling of the AV tissue.
As an alternative approach for quantifying the structural parameters n and N, we fitted all the twelve experimental datasets used in this study simultaneously to our model given in equation (28) 
However, in the above equation we note that:
where for the strain energy functions given by equations (11), (16), (17) and (18) plane, for mean values of n and N (see Table 1 ). The graphs highlight the convexity of the proposed strain energy function. Deformation domain
